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ROKHLIN-TYPE PROPERTIES, APPROXIMATE
INNERNESS AND Z-STABILITY
ILAN HIRSHBERG
Abstract. We establish four results concerning connections between
actions on separable C∗-algebras with Rokhlin-type properties and ab-
sorption of the Jiang-Su algebra Z. For actions of residually finite groups
or of the reals which have finite Rokhlin dimension with commuting tow-
ers, we show that if the action of any nontrivial group element is approx-
imately inner then the C∗-algebra acted upon is Z-stable. Without the
assumption on approximate innerness, we show that the crossed product
has good divisibility properties under mild assumptions. We also estab-
lish an analogous result for the generalized tracial Rokhlin property and
tracial versions of approximate innerness and Z-absorption for actions of
finite groups and of the integers. For actions of a single automorphism
which have the Rokhlin property, we show that a condition which is
strictly weaker than requiring that some power of the automorphism
is approximately inner is sufficient to obtain that the crossed product
absorbs Z even when the original algebra is not.
The property of Z-stability or Z-absorption, that is, absorbing tensorially
the Jiang-Su algebra ([20]), is a key regularity property for C∗-algebra, and
is viewed as the analogue of being McDuff for von Neumann algebras. For
simple separable and nuclear C∗-algebras, Z-stability is now known to be
equivalent to having finite nuclear dimension ([39, 2]). Capping decades of
research, for C∗-algebras which furthermore satisfy the Universal Coefficient
Theorem, it has been shown that those properties are sufficient to establish
classfiability in terms of the Elliottt invariant ([35, 6]). Though the main
interest in in Z-stability has been in the context of the Elliott classification
program, Z-stability is an important regularity property in the context of
non-nuclear C∗-algebras as well. For instance, nuclearity is not needed in
order to establish the implications of Z-stability from [29].
The Rokhlin property (see for instance [24]), later generalized to Rokhlin
dimension ([18, 33]), can be viewed as a regularity property for group actions
on C∗-algebras. In the context of establishing Z-stability for crossed prod-
ucts, Rokhlin dimension and other variants of the Rokhlin property have
come to play in two principal ways. One way is to establish permanence
results: if A is separable and Z-stable and α is an action of a group G on A
which has finite Rokhlin dimension with commuting towers, then the crossed
product is Z-stable as well. This holds for actions of countable residually
finite groups which have a box space of finite asymptotic dimension and for
actions of R; we refer the reader to [18, 13, 33, 16] for precise statements
and definitions. In the context of the Rokhlin property, this was considered
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earlier in [17], and we refer the reader to [31, 26] for related work which
uses a tracial version of the Rokhlin property. A different way in which
Rokhlin dimension comes about in this context is to establish permanence
of finite nuclear dimension: if A has finite nuclear dimension then so does
the crossed product. If the crossed product is furthermore simple, one uses
[39] (or [34] in the non-unital case) to deduce that the crossed product is
in fact Z-stable. This is one approach for showing that crossed products
of C(X) by minimal homeomorphisms are Z-stable, where X is compact
metric with finite covering dimension; see [18, 32, 33, 16] (and [37, 7, 21] for
papers which obtain related results without Rokhlin dimension techniques).
In this paper, we further investigate the connection between Rokhlin-
type properties and Z-stability. In Section 1, we show that if A admits
an action of a residually finite group with finite Rokhlin dimension with
commuting towers, and the action of at least one nontrivial group element
is approximately inner, then in fact A has to be Z-stable (and in particular,
the crossed product is Z-stable).
In Section 2, we provide tracial analogues for the results in Section 1.
Namely, if A is simple unital with stable rank 1 and admits an action of
Z or of a finite group with the generalized tracial Rokhlin property such
that the action of at least one nontrivial group element is strongly tracially
approximately inner (in the sense of [27]) then A has to be tracially Z-
absorbing (which, if A is also nuclear, means that A is Z-stable).
The results of Sections 1 and 2 should best be viewed as obstructions,
rather as a way of establishing that a given C∗-algebra is Z-stable. The
Rokhlin property and its various variants play an important role in study-
ing group actions and their associated crossed products. One reason for
that is that those properties are quite common. For example, the automor-
phisms with Rokhlin dimension at most 1 with commuting towers of a unital
separable Z-stable form a dense Gδ set in the automorphism group ([18]).
The results in this paper show that the situation in the non-Z-stable case
is very different. This is not to say that they do not exist. For example, the
recent paper [1] establishes results concerning the behavior of the radius of
comparison when forming crossed products by actions of finite groups with
the weak tracial Rokhlin property; the paper contains examples of such ac-
tions which have the Rohklin property, however the construction is quite
involved. It is not known whether there exists a simple separable unital nu-
clear C∗-algebras with positive radius of comparison which admits a finite
group action with the weak tracial Rokhlin property but such the action on
the trace space is trivial ([1, Question 7.2]). While we do not fully answer
the question here, the results herein show that the most natural first ap-
proach to construct such an example, namely an approximately inner action
(or even one which is only strongly tracially approximately inner) cannot
work.
Without assuming any kind of approximate innerness, one cannot possi-
bly expect Z-stability: indeed, any free action on a compact metric space
with finite covering dimension gives rise to an action on C(X) which has
finite Rokhlin dimension (with commuting towers, which we get for free in
this case), and C(X) is obviously not Z-stable. Furthermore, the crossed
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product need not be Z-stable either. We nevertheless show in Section 3 that
finite Rokhlin dimension with commuting towers is sufficient to deduce that
the crossed product has good divisibility properties in the sense studied by
Robert and Rørdam in [28]. In Section 4, we introduce a weaker property
than approximate innerness, which, together with the Rokhlin property, is
sufficient for showing that the crossed product is Z-stable. This property
holds for examples which can be viewed as noncommutative odometers. We
provide, for instance, examples of such actions on reduced group C∗-algebras
for a family of ICC groups introduced by Dixmier and Lance, whose asso-
ciated group factors have property Γ but are not McDuff. As the Rokhlin
property is a statement about the induced action on the central sequence
algebra, this provides a highly non-commutative example, quite far from the
Z-stable setting, in which we can nonetheless establish Z-stability results
for the associated crossed product.
We now recall some definitions and fix notations. To lighten notation, we
sometimes write x ≈ε y to mean ‖x − y‖ < ε. By an order zero map we
always mean a completely positive contractive order zero map; we refer the
reader to [40] for more on order zero maps.
For two positive integers p, q we denote the associated dimension drop
algebra by
Ip,q = {f : [0, 1]→Mp ⊗Mq | f(0) ∈Mp ⊗ 1, f(1) ∈ 1⊗Mq}
Those dimension drop algebras form the building blocks in the construction
of the Jiang-Su algebra in [20].
We use the following definitions for the corrected central sequence algebra
from [22], and the modified version introduced in [33, Definition 5.1], though
we use slightly different notation. We note that we use an ultrafilter, whereas
in [33] one uses the cofinite filter, but this makes no difference for any of the
proofs herein. We fix a free ultrafilter ω. Let A be a separable C∗-algebra.
Let D ⊂ Aω be a separable C
∗-subalgebra. Set Ann(D) ⊂ Aω to be the
annihilator of D, that is, Ann(D) = {x ∈ Aω | ∀y ∈ D : xy = yx = 0}.
Then Ann(D) is an ideal in Aω∩D
′. We denote F (A,D) = Aω∩D
′/Ann(D).
This is a unital C∗-algebra. If D = A, the canonical copy of A in Aω,
we write F (A) = F (A,A) for short. (If A is unital, then we simply have
F (A) = Aω ∩ A
′.) If D ⊆ E ⊂ Aω are separable C
∗-algebras, notice that
Ann(D) ⊇ Ann(E) and Aω ∩ D
′ ⊇ Aω ∩ E
′, and therefore there exists a
canonical unital homomorphism F (E,A)→ F (D,A).
If G is a group and α : G→ Aut(A) is an action, then α induces actions on
Aω, on F (A) and on F (D,A) for any separable α-invariant C
∗-subalgebra
of D of Aω. By slight abuse of notation, we denote those actions by α as
well.
Let A be a separable C∗-algebra, and let α ∈ Aut(A) be an automor-
phism (thought of as an action of Z). The automorphism α is said to
have the Rokhlin property if for any m ∈ N there exists a partition of
unity of projections e0,0, e0,1, . . . , e0,m−1, e1,0, e1,1, . . . , e1,m ∈ F (A) such that
α(ej,k) = ej,k+1 for j = 0, 1 and k = 0, 1, . . . ,m − 1 + j. Notice that this
implies that α(e0,m−1 + e1,m) = e0,0 + e1,0. We refer to such a collection
of projections as a double Rokhlin tower. The single tower version of the
Rokhlin property is what we get when we set e1,k = 0 for k = 0, 1, . . . ,m, and
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it is much more restrictive than the Rokhlin property. We refer the reader to
[18] for discussions of various flavors of Rokhlin dimension. There is a defi-
nition of Rokhlin dimension for actions of Z which generalizes the Rokhlin
property, in that Rokhlin dimension zero is precisely the Rokhlin property,
and a single tower version which generalizes the single tower Rokhlin prop-
erty, but such that the Rokhlin property without single towers only implies
Rokhlin dimension 1. Deviating from the notation in [18], but following
the convention in [33], our notion of Rokhlin dimension refers to the single
tower version (however, when we discuss the Rokhlin property, we assume
the general one which may have two towers). The definition is discussed in
section 1. When considering higher Rokhlin dimension, the difference be-
tween the single tower and double tower versions is less significant, because
if one is finite then so is the other, and for most uses of Rokhlin dimension
we only care about whether it is finite or not. The difference between the
commuting and noncommuting tower versions is more significant ([13]), and
here we use the stronger, commuting tower version.
I thank Ga´bor Szabo´ for some helpful remarks.
1. Rokhlin dimension and approximate innerness
Our goal in this section is to prove Theorem 1.5. The main tool we use
is that of universal spaces for actions with finite Rokhlin dimension with
commuting towers.
Universal spaces for actions of finite groups which have finite Rokhlin
dimension with commuting towers were introduced in [13], and studied fur-
ther in [9]. We refer the reader to the discussion after Definition 3.2 in
[9]. For any finite group G and non-negative integer d there exists a free
G-space XG,d, which is a finite d-dimensional simplicial complex, such that
an action of G on a separable C∗-algebra A has Rokhlin dimension with
commuting towers at most d if and only if there exists a unital equivariant
homomorphism C(XG,d)→ F (A).
One can introduce similar spaces for actions of more general residually
finite groups. If G is a group and H is a finite index subgroup, then we
recall from [33, Definition 5.4] that an action α of G on a separable C∗-
algebra A is said to have finite Rokhlin dimension at most d with commuting
towers relative to H (denoted dimcRok(α,H) ≤ d) if there exist equivariant
completely positive contractive order zero maps
ϕ(l) : (C(G/H), G−shift)→ (F (A), α) for l = 0, 1, . . . , d
with commuting images such that
∑d
l=0 ϕ
(l)(1) = 1. This is equivalent to re-
quiring that there exists commuting positive contractions {f
(l)
s }s∈G/H , l=0,1,...,d ⊆
F (A) such that
(1) f
(l)
s f
(l)
s′ = 0 if s 6= s
′.
(2)
∑d
l=0
∑
s∈G/H f
(l)
s = 1.
(3) αg(f
(l)
s ) = f
(l)
g·s for all g ∈ G and for all s ∈ G/H.
The action α is then said to have Rokhlin dimension with commuting towers
at most d, denoted dimcRok(α) ≤ d, if dim
c
Rok(α,H) ≤ d for all subgroups H
of finite index.
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Consider the universal C∗-algebra generated by elements {f
(l)
s }s∈G/H , l=0,1,...,d
satisfying the above conditions. This universal C∗-algebra carries an ac-
tion of G. We define X = XG,H,d to be the Gelfand spectrum of this
C∗-algebra. The space X has the structure of a d-dimensional simplicial
complex, which can be described as follows. The vertices are given by the ele-
ments {(s, l)}s∈G/H , l=0,1,...,d. A k-tuple of distinct vertices (s1, l1), (s2, l2), . . . , (sk, lk)
defines a simplex if and only if the numbers l1, l2, . . . , lk are distinct (which
happens if and only if
∏k
j=1 f
(l)
s 6= 0). The action of G on X, which is
determined by its action on the vertices, is given by g · (s, l) = (g · s, l). We
denote by σ the action of G this defines on C(X).
Thus, we have dimcRok(α,H) ≤ d if and only if there exists an equivariant
unital homomorphism from C(XG,H,d) to F (A). The same argument as in
[33, Remark 5.6], shows that for any separable α-invariant C∗-subalgebra
D of F (A), we can arrange for the image of the homomorphism to lie in
F (D,A).
Lemma 1.1. Let A be a separable C∗-algebra. Let G be a residually finite
group, and let α : G → Aut(A) be an action which has finite Rokhlin di-
mension with commuting towers. Suppose g0 is a nontrivial group element.
Then the restriction of α to the subgroup generated by g0 also has finite
Rokhlin dimension with commuting towers.
Proof. We first observe that if H < G is a subgroup of finite index, then
there exists an 〈g0〉-equivariant embedding C(〈g0〉 / 〈g0〉 ∩ H) → C(G/H).
If g0 has finite order then choose H < G such that 〈g0〉 ∩H = {1}. Then
the group generated by g0 acts freely on G/H and therefore on XG,H,d for
d = dimcRok(α,H). Therefore, by [13, Lemma 1.9], we have dim
c
Rok(αg0) ≤ d.
We now assume that g0 has infinite order. The set of subgroups of 〈g0〉 of
the form H ∩〈g0〉 for H < G of finite index form a regular approximation in
the sense of [33, Notation 3.6]. Since the asymptotic dimension of the box
space of 〈g0〉 is 1, it follows from the proof of [33, Theorem 7.2] that the
restriction of α to 〈g0〉 has finite Rokhlin dimension with commuting towers.
In fact, dimcRok(αg0) ≤ 2 dim
c
Rok(α)+1. (The statement of [33, Theorem 7.2]
concerns Rokhlin dimension without necessarily commuting towers, but an
inspection of the proof shows that the same result holds for the commuting
tower version as well.) 
The following is a straightforward consequence of [4, Theorem 1].
Lemma 1.2. Let A be a separable C∗-algebra. Suppose F (A) contains a
unital copy of a subhomogeneous algebra without characters. Then A ∼=
A⊗Z.
Proof. Let B ⊂ F (A) be a unital subhomogeneous subalgebra without char-
acters. By [22, Corollary 1.13], F (A) contains a unital copy of the infinite
tensor power B⊗∞. By [4, Theorem 1], B⊗∞ is Z-absorbing, and in par-
ticular, contains a unital copy of Z. By [22, Proposition 4.4] (see also [15,
Proposition 4.1]), it follows that A is Z-absorbing, as required. 
The following fact is presumably well-known, although it seems difficult
to track down in the literature. The question of when a crossed product
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of C(X) by a non-free action of a group is a continuous trace algebra was
considered in [38], however here we need a more precise formulation in our
specific case.
Proposition 1.3. Let X be a locally compact Hausdorff space. Let h be
a free action of Zn on X. Let α be the action of Z on C(X) given by
α(f) = f ◦ h−1 (noting that α is n-periodic). Then C(X) ⋊α Z is a locally
trivial n-homogeneous algebra with spectrum X/Zn × T.
For a proof, we refer the reader to the proof of [19, Proposition 2.1]. The
statement of [19, Proposition 2.1] says that the crossed product in question
is subhomogeneous, not homogeneous, since the assumptions are weaker.
However, the proof shows that the possible dimensions of irreducible rep-
resentations are precisely the lengths of the orbits which occur. Therefore,
if all orbits are of the same size, the resulting crossed product is in fact
homogeneous.
The following lemma is a straightforward consequence of a simple rein-
dexation trick (or the Kirchberg ε-test), and we omit the proof.
Lemma 1.4. Let A be a separable C∗-algebra, and let α be an automorphism
of A.
(1) If D is a unital C∗-algebra and there exists a unital homomorphism
D → F (A) then for any separable subspace S ⊂ F (A) there exists a
unital homomorphism D → F (A) ∩ S′.
(2) If α is approximately inner then for any separable subspace S ⊂ Aω
there exists a unitary u ∈ A+ω such that uxu
∗ = α(x) for all x ∈ S.
We discussed the case of discrete group actions above. For the case of
flows, that is, actions of R, we refer the reader to [16, Definition 6.1].
Theorem 1.5. Let A be a separable C∗-algebra. Let G be a residually finite
group or G = R, and let α : G → Aut(A) be an action which has finite
Rokhlin dimension with commuting towers. Suppose there exists g0 6= 1
such that αg0 is approximately inner. Then A
∼= A⊗Z.
Proof. We may assume that G = 〈g0〉, since the restriction to 〈g0〉 has finite
Rokhlin dimension with commuting towers: if G is discrete, this is Lemma
1.1, and if G = R, then this follows by a straightforward modification of [16,
Proposition 5.5] to the commuting tower case. We denote α = αg0 and set
d = dimcRok(α).
If g0 has finite order, set n = |G|, otherwise fix any natural number n > 1.
Notice that we can identify XZn,d with XZ,nZ,d (the former has a free action
of Zn, which we can extend to a periodic action of Z).
Since α is approximately inner, there exists a unitary u ∈ A+ω such that
uxu∗ = α(x) for all x ∈ A. Fix such a unitary u.
Let D ⊂ Aω be the C
∗-algebra generated by the elements of the form
αk(au) for all a ∈ A and for all k ∈ Z. Choose an equivariant unital
homomorphism ϕ : C(XZ,nZ,d)→ F (D,A). We use the Choi-Effros theorem
to choose a completely positive lifting Φ: C(XZ,nZ,d)→ Aω ∩D
′. Let E be
the smallest α-invariant C∗-algebra containing D and the image of Φ. Now,
using again the fact that α is approximately inner, we can choose a unitary
v ∈ A+ω such that vxv
∗ = α(x) for all x ∈ E.
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Notice that A ⊆ D, and u∗v ∈ A+ω ∩ A
′. Denote by w the image of u∗v
in F (A) under the quotient map by Ann(A). Let ψ : C(XZ,nZ,d)→ F (A) be
the composition of ϕ with the canonical unital homomorphism F (D,A) →
F (A). By construction, we have wxw∗ = α(x) for all x ∈ ψ(C(XZ,nZ,d)).
As (ψ,w) is a covariant representation of (C(XZ,nZ,d), σ), it follows that
C∗(C(XZ,nZ,d), w) is a quotient of the crossed product C(XZ,nZ,d) ⋊σ Z.
Since, by Proposition 1.3, the crossed product C(XZ,nZ,d) ⋊σ Z is an n-
homogeneous C∗-algebra, any non-zero quotient is n-homogeneous as well.
Therefore, by Lemma 1.2, it follows that A ∼= A⊗Z, as required. 
Remark 1.6. Under the conditions of Theorem 1.5, it follows from [33,
Theorem 10.6] under the further assumption that G is countable and has a
box space with finite asymptotic dimension and from [16, Theorem 6.3] for
the case G = R that the crossed product A ⋊α G absorbs Z tensorially as
well.
Question 1.7. Is the commuting tower condition required in Theorem 1.5?
The proof of Theorem 1.5 suggests the following more specific question.
Given n, d ∈ N, let An,d be the universal unital C
∗-algebra given by posi-
tive contractions {f
(l)
k | k = 0, 1, . . . , n − 1; l = 0, 1, . . . , d}, subject to the
relations:
(1) f
(l)
k f
(l)
j = 0 for all l = 0, 1, . . . , d whenever k 6= j.
(2)
∑d
l=0
∑n−1
k=0 f
(l)
k = 1.
We have an n-periodic automorphism σ of An,d given by σ(f
(l)
k ) = f
(l)
k+1
for all applicable indices k, l, where we think of addition as taken modulo
n. Given d, is there an n such that the crossed product An,d ⋊ Z admits a
unital homomorphism from a prime dimension drop algebra?
2. The generalized tracial Rokhlin property
In this section, we provide analogous results for those in Section 1 for
actions which have the generalized (or weak) tracial Rokhlin property ([12,
Definitions 5.2 and 6.1]). We restrict our attention to actions of finite groups
and of Z, so as to avoid fine distinctions between generalizations of the tra-
cial Rokhlin property which appeared in the literature for more general
amenable groups (see for example [8]). Our goal in this section is to estab-
lish an analogue of Theorem 1.5 for tracial versions of the Rokhlin property,
approximate innerness and Z-stability. We first recall the definition of tra-
cial Z-absorption ([12, Definition 2.1]) and establish some simple lemmas.
As usual, we use the notation - to denote Cuntz subequivalence.
Definition 2.1. A unital C∗-algebra A is said to be tracially Z-absorbing
if A 6= C and for any n ∈ N, for any nonzero positive element a ∈ A, for
any ε > 0 and for any finite set F ⊂ A there exists an order zero map
ϕ : Mn → A such that:
(1) 1− ϕ(1) - a ;
(2) For any x ∈Mn and for any y ∈ F we have ‖[ϕ(x), y]‖ < ε‖x‖ .
Our first goal is to show that in Definition 2.1, it suffices to check that
the definition holds for some n ≥ 2, rather than for all n.
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Lemma 2.2. Let A be a simple unital stably finite infinite dimensional C∗-
algebra. Suppose that for any n0 ∈ N there exists k ≥ n0 such that for any
nonzero positive element a ∈ A, for any ε > 0 and for any finite set F ⊂ A
there exists an order zero map ϕ : Mk → A such that:
(1) 1− ϕ(1) - a ;
(2) For any x ∈Mk and for any y ∈ F we have ‖[ϕ(x), y]‖ < ε‖x‖ .
Then A is tracially Z-absorbing.
Proof. The same arguments as in [12] show that the conclusions of [12, The-
orem 3.3] hold under the a-priori weaker hypotheses of this lemma, namely,
A has strict comparison. Fix n ∈ N, ε > 0, a ∈ A positive and non-zero,
and F ⊂ A finite. We want to find an order zero map ψ : Mn → A satis-
fying the conditions of 2.1. Find two non-zero orthogonal positive contrac-
tions a0, a1 ≤ a (whose existence follows, for example, from [23, Proposition
4.10]). Denoting by QT (A) the set of normalized quasitraces on A, set
δ = minτ∈QT (A) dτ (a0) > 0. Fix n0 ∈ N such that n/n0 < δ. Pick k ≥ n0
and an order zero map ϕ : Mk → A satisfying the conditions of the lemma
with a1 in place of a. Write k = nl+m where 0 ≤ m < n. Let pi : Mk →Mn
be a block diagonal embedding of multiplicity l, and let ψ = ϕ ◦ pi. For any
quasitrace τ , we have dτ (ϕ(1Mk )− ψ(1Mn)) ≤ m/k < n/n0 < δ. Thus
1− ψ(1Mn) = (1− ϕ(1Mk)) + (ϕ(1Mk)− ψ(1Mn))
- (1− ϕ(1Mk))⊕ (ϕ(1Mk)− ψ(1Mn)) - a0 + a1.
The condition ‖[ψ(x), y]‖ < ε‖x‖ for all x ∈ Mn and for all y ∈ F follows
immediately from the definition. 
Lemma 2.3. Let A be a C∗-algebra. Let ϕ : Mn → A and ψ : Mk → A
be two order zero contractions with commuting ranges. Then there exists
an order zero map θ : Mn ⊗ Mk → C
∗(ϕ(Mn), ψ(Mk)) ⊆ A with θ(1) =
ϕ(1)ψ(1).
Proof. We use the correspondence between order zero maps and homomor-
phisms from cones; see [40]. Let D be the kernel of the canonical homomor-
phism CM+n ⊗ CM
+
k → C. We can identify D with the C
∗-algebra
{f ∈ C0([0, 1]
2
r{(0, 0)},Mn⊗Mk) | f([0, 1]×{0}) ⊆Mn⊗1k, f({0}×[0, 1]) ⊆ 1n⊗Mk}.
Define ϕ0 : Mn → D by ϕ0(a)(t, s) = ta⊗1k and likewise set define ψ0 : Mn →
D by ψ0(a)(t, s) = s1n ⊗ a. Then there exists a homomorphism pi : D → A
such that ϕ = pi ◦ ϕ0 and ψ = pi ◦ ψ0. Let h = ϕ0(1)ψ0(1), that is,
h(t, s) = ts1n ⊗ 1k. Let J ⊳ D be the ideal generated by h. Note that
J ∼= C0((0, 1]
2)) ⊗ Mn ⊗ Mk. Thus, one can choose an order zero map
θ0 : Mn ⊗Mk → J with θ0 = h. The map θ = pi ◦ θ0 satisfies the conclu-
sion. 
Lemma 2.4. Let A be a C∗-algebra, and let ϕ : Mn → A be an order zero
map. Then for any 1 > ε > 0 there exists an order zero map ψ : Mn → A
such that 1− ψ(1) = 11−ε(1− ϕ(1)− ε)+ and ‖ϕ− ψ‖ < ε.
Proof. Recall ([40, Corollary 4.2]) that there exists a homomorphism pi : Mn →
A∗∗∩ϕ(1)′ such that ϕ(x) = pi(x)ϕ(1) for all x ∈Mn. Define f : [0, 1]→ [0, 1]
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by f(t) = max{1, t/(1−ε)}. Define ψ(x) = pi(x)f(ϕ(1)). It is readily verified
that ψ satisfies the required conclusion. 
We recall the following two lemmas.
Lemma 2.5. [1, Lemma 2.7] Let A be a C∗-algebra. Let a, b ∈ A+, and let
δ > 0. If b - (a − δ)+ then there exists a sequence wn ∈ A, n = 1, 2, 3, . . .
such that wnaw
∗
n → b and ‖wn‖ ≤
√
‖b‖/δ for every n ∈ N.
Lemma 2.6. [23, Lemma 2.2] Let A be a C∗-algebra. Let a, b ∈ A+, and
let ε > 0. If ‖a − b‖ < ε then there exists a contraction d ∈ A such that
dbd∗ = (a− ε)+.
Lemma 2.7. Let A be a unital separable C∗-algebra. Let a ∈ A+ be a
nonzero element. Let b1, b2, b3, . . . ∈ A+ be a bounded sequence of elements.
Let b be the class of the sequence (b1, b2, . . .) in A∞. If b - a then for any
ε > 0 there exists n0 such that for all n ≥ n0 we have (bn − ε)+ - a.
Proof. Pick x ∈ A∞ which satisfies ‖xax
∗−b‖ < ε. Pick a bounded sequence
(x1, x2 . . .) ∈ l
∞(A) which represents x. Then there exists n0 such that for
all n ≥ n0 we have ‖xnax
∗
n − bn‖ < ε. By Lemma 2.6, for any such n there
exists yn such that ynxnax
∗
ny
∗
n = (bn − ε)+, as required. 
Proposition 2.8. Let A be a simple unital infinite dimensional stably finite
C∗-algebra. Suppose that there exists n ≥ 2 such that for any nonzero posi-
tive element a ∈ A, for any ε > 0 and for any finite set F ⊂ A there exists
an order zero map ϕ : Mn → A such that:
(1) 1− ϕ(1) - a ;
(2) For any x ∈Mn and for any y ∈ F we have ‖[ϕ(x), y]‖ < ε‖x‖ .
Then A is tracially Z-absorbing.
Proof. Let n as in the statement. We show that the hypothesis holds with
n2 in place of n, and hence by repeating the argument as many times as
needed, the hypothesis of Lemma 2.2 holds.
Fix some ‖a‖ > δ > 0. The hypotheses of the proposition imply that for
any separable subspace S ⊂ A∞ there exists a sequence of order zero maps
ψk : Mn → A for k = 1, 2, . . . such that 1−ψk(1) - (a−δ)+ for all k and such
that the composition with the quotient map l∞(A) → A∞ defines an order
zero map ψ : Mn → A∞ ∩ S
′. By Lemma 2.5, we have 1− ψ(1) - a. (Note
that we cannot deduce that 1 − ψ(1) - (a − δ)+, as this requires having a
sequence of elements implementing the Cuntz subequivalence whose norms
are uniformly bounded in k.)
The hypotheses imply that A is not type I, and therefore we can choose
two nonzero orthogonal positive elements a1, a2 ≤ a. Fix a finite set F
and ε > 0. Pick an order zero map ψ : Mn → A∞ ∩ F
′ such that 1 −
ψ(1) - a1. Now, pick another order zero map η : Mn → A∞ ∩ (F ∪ψ(Mn))
′
such that 1 − η(1) - a2. By Lemma 2.3, there exists an order zero map
θ : Mn ⊗Mn → C
∗(ψ(Mn), η(Mn)) ⊆ A∞ ∩ F
′ such that θ(1) = ψ(1)η(1) =
ψ(1)1/2η(1)ψ(1)1/2 . Then we have
1− θ(1) = (1− ψ(1)) + ψ(1)1/2(1− η(1))ψ(1)1/2
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- (1− ψ(1)) ⊕ ψ(1)1/2(1− η(1))ψ(1)1/2
- a1 ⊕ a2
≈ a1 + a2
We lift θ to sequence of order zero maps θk : Mn⊗Mn → A, for k = 1, 2, . . ..
Pick a sufficiently large k such that ‖[θk(x), y]‖ < ε‖x‖/2 for all x ∈Mn⊗Mn
and for all y ∈ F and such that (1 − θk(1) − ε/2)+ - a. Using Lemmas
2.4 and 2.7, we can find an order zero map θ′ : Mn ⊗Mn → A such that
‖θ′− θk‖ < ε/2 and 1− θ
′(1) = 11−ε/2(1− θk(1)− ε/2)+. The map θ
′ is now
readily verified to satisfy the conclusion. 
Using stability of generators of matrix cones ([25]), we have the following
reformulation of Proposition 2.8.
Lemma 2.9. Let A be a simple unital infinite dimensional stably finite C∗-
algebra. Suppose that any nonzero positive element a ∈ A, for any ε > 0
and for any finite set F ⊂ A there exists n ≥ 2 contractions x2, x3, . . . , xn
which satisfy
(1) ‖xjxk‖ < ε for all j, k ∈ {2, 3, . . . , n};
(2) ‖x∗jxk‖ < ε whenever k 6= j;
(3) ‖x∗jxj − x
∗
kxk‖ < ε for all j, k ∈ {2, 3, . . . , n};
(4) There exists a positive contraction b - a such that ‖1 − x∗2x2 −∑n
k=2 xkx
∗
k − b‖ < ε ;
(5) For any k = 2, 3, . . . , n and for any y ∈ F we have ‖[xk, y]‖ < ε .
Then A is tracially Z-absorbing.
We recall the definition of a strongly tracially approximately inner auto-
morphism, introduced in [27]. This is a significant weakening of the notion
of approximate innerness. For example, automorphisms with this property
need not act trivially on K-theory; see [27, Theorem 6.6].
Definition 2.10. [27, Definition 4.2] Let A be an infinite dimensional simple
separable unital C∗-algebra and let α ∈ Aut(A). We say that α is strongly
tracially approximately inner if for every finite set F ⊆ A, every ε > 0, and
every positive element x ∈ A with ‖x‖ = 1, there exist a projection p ∈ A
and a partial isometry v ∈ A such that:
(1) v∗v = p and vv∗ = α(p).
(2) ‖pa− ap‖ < ε for all a ∈ F .
(3) ‖vpapv∗ − α(pap)‖ < ε for all a ∈ F .
(4) 1− p is Murray-von Neumann equivalent to a projection in xAx.
(5) ‖pxp‖ > 1− ε.
Notice that in Definition 2.10, it follows that ‖pap − v∗α(pap)v‖ < ε for
all a ∈ F as well, and v = α(p)v = vp. Furthermore, for any a ∈ F ,
va = vpa ≈ε vpap = vpapv
∗v ≈ε α(pap)v ≈ε α(ap)v = α(a)v.
We now recall the definition of the generalized tracial Rokhlin property
for finite group actions and for actions of Z ([12, Definitions 5.2 and 6.1]).
Definition 2.11. Let α : G → Aut(A) be an action of a finite group G on
a simple, unital C∗-algebra A. The action α is said to have the generalized
tracial Rokhlin property if for any ε > 0, for any finite subset F ⊆ A, and
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for any non-zero positive element a ∈ A there exist positive contractions
{eg}g∈G ⊂ A of norm 1 such that:
(1) egeh = 0 whenever g 6= h;
(2) 1−
∑
g∈G eg - a;
(3) ‖[eg, y]‖ < ε for all g ∈ G and for all y ∈ F ;
(4) ‖αg(eh)− egh‖ < ε for all g, h ∈ G.
Definition 2.12. Let α be an automorphism of a simple, unital C∗-algebra
A. We say that α has the generalized tracial Rokhlin property if for any
finite set F ⊆ A, for any ε > 0, for any k ∈ N, and for any non-zero
positive element a ∈ A there exist orthogonal positive norm 1 contractions
e1, e2 . . . , ek ∈ A such that the following hold:
(1) 1−
∑k
j=1 ej - a;
(2) ‖[ej , y]‖ < ε for j = 1, 2, . . . , k and for all y ∈ F ;
(3) ‖α(ej)− ej+1‖ < ε for all j = 1, 2, . . . , k − 1.
Lemma 2.13. Let α : G→ A be an action of a group G on a simple, unital
C∗-algebra A with G finite or G = Z. If α has the generalized tracial Rokhlin
property then so does any restriction to a subgroup.
The proof is straightforward and similar to that of Lemma 1.1, so we omit
it.
Theorem 2.14. Let A be a simple unital infinite dimensional stably finite
C∗-algebra. Let G be a finite group or G = Z. Let α : G → Aut(A) be an
action which has the generalized tracial Rokhlin property and such that αg
is strongly tracially approximately inner for some nontrivial g ∈ G. If A
furthermore has stable rank 1, then A is tracially Z-absorbing. If αg above
is in fact approximately inner, then the stable rank 1 condition is not needed.
Proof. Using Lemma 2.13, we may assume that G is a cyclic group (of either
finite or infinite order), and the generator α is strongly tracially approxi-
mately inner. Let n be the order of α if G is finite, and otherwise fix any
integer n ≥ 2.
Fix a nonzero positive elements a ∈ A, a finite set F ⊂ A and ε > 0.
We show that there exists an order zero map ϕ : Mn → A satisfying the
hypotheses of Proposition 2.8.
By [23, Proposition 4.10], there exist pairwise orthogonal and mutually
Cuntz-equivalent positive contractions a0, a1, . . . , a2n - a, which we may
assume have norm 1.
Set ε′ = ε/6n. Choose a partial isometry v as in Definition 2.10 for the
given finite set F with a0 in place of x and ε
′ in place of ε. Set p = v∗v.
Now, choose positive elements e1, e2, . . . , en ∈ A as in Definition 2.12
with F ∪ {αj(v), αj(p)}j=0,1,2,...,n−1 in place of F , ε
′ in place of ε and a0 in
place of a. If G = Zn, then we use the same notation, where we can think
of {1, 2, . . . , n} as indexing the group elements. We furthermore choose
the Rokhlin elements e1, e2, . . . , en to satisfy ‖α(e
1/2
j ) − e
1/2
j+1‖ < ε
′ for j =
1, 2, . . . , n−1 as well as ‖[e
1/2
j , y]‖ < ε
′ and ‖[e
1/4
j , y]‖ < ε
′ for j = 1, 2, . . . , n
and for all y ∈ F (which can be done in a standard way by approximating
e
1/2
j and e
1/4
j by polynomials). Set e =
∑n
j=1 ej .
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Lastly, we choose a partial isometry w (in place of v) as in Definition 2.10
with the set
F ∪ {αj(v), αj(v∗), αj(p)}j=0,1,2,...,n−1 ∪ {ej , e
1/2
j , e
1/4
j }j=1,2,...,n
in place of F , with a0 in place of x and with ε
′ in place of ε. Set q = w∗w.
For k = 2, 3, . . . , n, set
xk = e
1/4
k v
∗α(v∗)α2(v∗) · · ·αk−2(v∗)αk−2(w) · · · α2(w)α(w)we
1/4
1 .
We check that the elements x1, x2, . . . , xn satisfy the conditions of Lemma
2.9. Using repeatedly the fact that vp = v and vv∗ = α(p) and likewise that
wq = w and ww∗ = α(q) we have
x∗kxk = e
1/4
1 w
∗α(w∗) · · ·αk−2(w∗)αk−2(v) · · ·α(v)ve
1/2
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α(w)we
1/4
1
≈(k−1)ε′ e
1/4
1 w
∗ · · ·αk−2(w∗)e
1/2
k α
k−2(v) · · · α(v)vv∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · ·we
1/4
1
= e
1/4
1 w
∗ · · ·αk−2(w∗)e
1/2
k α
k−2(v) · · ·α(v)α(p)α(v∗) · · ·αk−2(v∗)αk−2(w) · · ·we
1/4
1
= e
1/4
1 w
∗ · · ·αk−2(w∗)e
1/2
k α
k−2(v) · · ·α(v)α(v∗) · · ·αk−2(v∗)αk−2(w) · · ·we
1/4
1
= e
1/4
1 w
∗ · · ·αk−2(w∗)e
1/2
k α
k−2(v) · · ·α2(v)α(vv∗)α2(v∗) · · ·αk−2(v∗)αk−2(w) · · ·we
1/4
1
= e
1/4
1 w
∗ · · ·αk−2(w∗)e
1/2
k α
k−2(v) · · ·α2(v)α2(p)α2(v∗) · · ·αk−2(v∗)αk−2(w) · · ·we
1/4
1
= e
1/4
1 w
∗ · · ·αk−2(w∗)e
1/2
k α
k−2(v) · · ·α2(v∗) · · ·αk−2(v∗)αk−2(w) · · ·we
1/4
1
...
= e
1/4
1 w
∗α(w∗) · · ·αk−2(w∗)e
1/2
k α
k−1(p)αk−2(w) · · ·α(w)we
1/4
1
≈(k−1)ε′ e
1/4
1 w
∗α(w∗) · · ·αk−2(w∗α(e
1/2
1 p)w) · · ·α(w)we
1/4
1
≈ε′ e
1/4
1 w
∗α(w∗) · · ·αk−2(qe
1/2
1 pq) · · ·α(w)we
1/4
1
...
≈ε′ e
1/4
1 qe
1/2
1 pqe
1/4
1
≈5ε′ e
1/2
1 qpqe
1/2
1
so ‖x∗kxk − e
1/2
1 qpqe
1/2
1 ‖ < (3(k − 1) + 5)ε
′. Likewise, using at the last step
repeatedly that v∗α(v∗v)v = v∗vv∗v = p, we have
xkx
∗
k = e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α(w)we
1/2
1 w
∗α(w∗) · · ·αk−2(w∗)αk−2(v) · · ·α(v)ve
1/4
k
≈ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α(w)α(qe
1/2
1 q)α(w
∗) · · ·αk−2(w∗)αk−2(v) · · · α(v)ve
1/4
k
= e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α(we
1/2
1 w
∗) · · ·αk−2(w∗)αk−2(v) · · · α(v)ve
1/4
k
≈ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α2(qe
1/2
1 q) · · ·α
k−2(w∗)αk−2(v) · · ·α(v)ve
1/4
k
...
≈ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−1(qe
1/2
1 q)α
k−2(v) · · ·α(v)ve
1/4
k
≈ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−1(q)e
1/2
k α
k−1(q)αk−2(v) · · · α(v)ve
1/4
k
ROKHLIN-TYPE PROPERTIES, APPROXIMATE INNERNESS AND Z-STABILITY 13
≈4kε′ e
1/2
k α
k−1(q)v∗α(v∗) · · ·αk−2(v∗)αk−2(v) · · ·α(v)vαk−1(q)e
1/2
k
= e
1/2
k α
k−1(q)pαk−1(q)e
1/2
k
so ‖xkx
∗
k − e
1/2
k α
k−1(q)pαk−1(q)e
1/2
k ‖ < 5kε
′.
Now, notice that xjxk = 0 for all j, k, and x
∗
jxk = 0 whenever j 6= k.
If y ∈ F and k ∈ {2, 3, . . . , n}, we have
yxk = ye
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α(w)we
1/4
1
≈ε′ e
1/4
k yv
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α(w)we
1/4
1
≈3ε′ e
1/4
k v
∗α(y)α(v∗) · · ·αk−2(v∗)αk−2(w) · · ·α(w)we
1/4
1
≈3ε′ e
1/4
k v
∗α(v∗)α2(y) · · ·αk−2(v∗)αk−2(w) · · · α(w)we
1/4
1
...
≈3ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−1(y)αk−2(w) · · · α(w)we
1/4
1
= e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(α(y)w) · · · α(w)we
1/4
1
≈3ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(wy) · · ·α(w)we
1/4
1
...
≈3ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · ·α(w)wye
1/4
1
≈ε′ e
1/4
k v
∗α(v∗) · · ·αk−2(v∗)αk−2(w) · · · α(w)we
1/4
1 y
= xky
so ‖yxk − xky‖ < 6(k − 1)ε
′ + 2ε′.
Since A has stable rank 1, the projection 1− q = 1−w∗w is Murray - von
Neumann equivalent to 1 − α(q) = 1 − ww∗, and likewise to 1 − αk(q) for
k = 1, 2, . . . , n − 1. This is the only place in which we need the assumption
that A has stable rank 1; if α is approximately inner, then one could take
q = 1, in which case all the projections of the form 1 − αk(q) are zero,
hence equivalent trivially. (One could have replaced stable rank 1 in the
hypothesis of the theorem by a strengthening of the notion of strong tracial
approximate innerness which asks that 1 − q be Murray - von Neumann
equivalent to 1− α(q).) So∥∥∥∥∥
(
1− x∗2x2 −
n∑
k=2
xkx
∗
k
)
−
(
1−
n∑
k=1
e
1/2
k α
k−1(q)pαk−1(q)e
1/2
k
)∥∥∥∥∥ < ε.
and
1−
n∑
k=1
e
1/2
k α
k−1(q)pαk−1(q)e
1/2
k =
(
1−
n∑
k=1
ek
)
+
n∑
k=1
e
1/2
k
(
1− αk−1(q)
)
e
1/2
k +
+
n∑
k=1
e
1/2
k
(
αk−1(q)(1− p)αk−1(q)
)
e
1/2
k
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-
(
1−
n∑
k=1
ek
)
⊕
n⊕
k=1
e
1/2
k
(
1− αk−1(q)
)
e
1/2
k
⊕
n⊕
k=1
e
1/2
k
(
αk−1(q)(1− p)αk−1(q)
)
e
1/2
k
Thus, the class of 1−
∑n
k=1 e
1/2
k α
k−1(q)pαk−1(q)e
1/2
k is bounded in the Cuntz
semigroup by a direct sum of 2n + 1 elements each of which is Cuntz-
subequivalent to a0, and therefore is bounded by the class of a.
It follows that A is tracially Z-absorbing, as required. 
Remark 2.15. If in Theorem 2.14 we assume furthermore that A is nuclear,
then it follows from [12, Theorem 4.1] that A is Z-absorbing. This addresses
in part [1, Question 7.2], which asks whether there exists a simple separable
unital nuclear C∗-algebras with positive radius of comparison which admits
a finite group action with the weak tracial Rokhlin property but the action
on the trace space is trivial. One might try to look for approximately inner
examples, or even strongly tracially approximately inner ones, but we see
here that those do not exist. This does not answer the question, even if
we furthermore require that the action fixes the entire Elliott invariant,
since uniqueness and existence for automorphisms break down in the case of
positive radius of comparison ([36, 14]); however it shows that constructing
such an example may be complicated.
3. Rokhlin dimension and divisibility conditions
Without the approximate innerness condition, there are many examples
of non-Z-stable C∗-algebras which admit actions with finite Rokhlin di-
mension with commuting towers. The obvious examples are commutative
C∗-algebras: if X is a compact metric space with finite covering dimension,
and G is a finitely generated nilpotent group acting freely in X, then the
associated action α : G → Aut(C(X)) has finite Rokhlin dimension with
commuting towers ([33, Corollary 8.5]). In the simple nuclear setting, it
was shown in [1] that there exists a non Z-stable simple unital separable
AH algebra along with an action of Z2 which has the Rokhlin property.
Furthermore, the crossed product need not be Z-stable either: one can
construct examples, along the lines of [10], of minimal homeomorphisms of
infinite dimensional compact metric spaces X which have a Cantor minimal
system as a factor and such that the crossed product is not Z-stable; such
actions have the Rokhlin property.
However, finite Rokhlin dimension with commuting towers is sufficient
to deduce that the crossed product has a weaker regularity property. In
[3], based on ideas which appeared in [15], we constructed an example of a
simple unital separable AH algebra which does admit a unital embedding of
the Jiang-Su algebra, or in fact, even an embedding of the dimension drop
algebra I3,4. This type of phenomenon was studied in greater depth in [28].
We recall the definition. We denote by Cu(A) the Cuntz semigroup of a
C∗-algebra A.
Definition 3.1. (Robert-Rørdam) Let A be a unital C∗-algebra. Letm be a
positive integer. We define Divm(A) to be the least integer n for which there
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exists x ∈ Cu(A) such that mx ≤ 〈1A〉 ≤ nx (where we set Divm(A) =∞ if
no such n exists).
If there exists a unital homomorphism from Im,m+1 into A then Divm(A) ≤
m + 1, and the converse holds if A has stable rank 1. (See [28, Example
3.12].)
The following shows that examples with such bad divisibility properties
cannot occur as crossed products when the actions has finite Rokhlin dimen-
sion with commuting towers, provided the group has elements of arbitrarily
large order.
Theorem 3.2. Let A be a separable unital C∗-algebra. Let G be a residu-
ally finite group which has elements of arbitrarily large order. Let α : G →
Aut(A) be an action which has finite Rokhlin dimension with commuting
towers. Then for any m = 2, 3, . . ., there is a unital homomorphism from
Im,m+1 into A⋊α G. In particular, Divm(A⋊α G) ≤ m+ 1 for all m ≥ 2.
Proof. By [4, Theorem 6.2], there exists a constant L such that for any com-
pact metric space Y and for any coprime numbers p, q, if n ≥ L(pq)2(dim(Y )+
2) and A is a locally trivial n-homogeneous algebra with spectrum Y then
there exists a unital homomorphism from Ip,q to A. (The hypotheses of [4,
Theorem 6.2] are more general, as it also covers recursive subhomogeneous
algebras, but we do not need this generality here.) Since the dimension drop
algebra Im,m+1 is semiprojective, it suffices to show that it admits a unital
homomorphism into the ultrapower (A⋊α G)ω.
Set d = dimcRok(α). Given m ≥ 2, and with the constant L as above, fix
n ≥ Lm2(m + 1)2(2d + 4). Pick an element g0 ∈ G with order at least n.
Set H = 〈g0〉. We know that dim
c
Rok(α|H) ≤ 2d+ 1.
Because A⋊α|H H ⊆ A⋊αG, it suffices to show that there exists a unital
homomorphism from Im,m+1 into (A⋊α|H H)ω.
Let u = ug0 be the canonical unitary in A⋊α H (which we identify with
its image in the ultrapower). Pick an equivariant unital homomorphism
ψ : C(XZ,nZ,2d+1) → Aω ∩ A
′. (The fact that the image is in the relative
commutant of A does not play a role here.) Because uϕ(f)u∗ = σ(f) for
all f ∈ C(XZ,nZ,2d+1), the pair (ϕ, u) defines a unital homomorphism from
C(XZ,nZ,2d+1)⋊σ Z to Aω ⋊αH ⊆ (A⋊α H)ω. As C(XZ,nZ,2d+1)⋊σ Z is n-
homogeneous over the (2d+2)-dimensional space XZ,nZ,2d+1/Z×T, it admits
a unital homomorphism from Im,m+1, and therefore so does (A⋊α H)ω, as
required. 
4. Nearly approximately inner automorphisms
In this section, we introduce a notion which is weaker than approximate
innerness, and is sufficient for deducing that the crossed product is Z-stable
(even when the C∗-algebra acted on is not). We restrict our attention just
to crossed products by Z with the Rokhlin property. It seems plausible
that those results should hold for more general groups and for finite Rokhlin
dimension with commuting towers.
Definition 4.1. Let A be a unital C∗-algebra, and let α ∈ Aut(A). We say
that α is nearly approximately inner if there exists a dense subset A0 of the
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unit ball of A and a sequence nl →∞ of positive integers such that for any
ε > 0 and any finite F ⊂ A0 there exists l0 ∈ N such that for all l ≥ l0,
there exist vl ∈ U(A) such that ‖vlav
∗
l − α
nl(a)‖ < ε for all a ∈ αk(F ), for
k ∈ {−7nl,−7nl + 1 . . . , 7nl}.
The choice of the factor 7 in the definition is of course artificial, and
simply comes up as a technical detail in the proof of Theorem 4.6 (where
no serious attempt was made to optimize the constant). We mention two
stronger conditions which may seem more natural more natural, each of
which implies the technical condition in Definition 4.1.
Proposition 4.2. Let A be a unital C∗-algebra, and let α ∈ Aut(A). Each
of the following conditions implies that α is nearly approximately inner.
(1) There exists n > 0 such that αn is approximately inner.
(2) There exists a dense subset A0 of the unit ball of A and a sequence
nl → ∞ of positive integers such that for any ε > 0 and any finite
F ⊂ A0 there exists l0 ∈ N such that for all l ≥ l0, there exist
vl ∈ U(A) such that vlα(vl)
∗ ∈ Z(A) and ‖vlav
∗
l − α
nl(a)‖ < ε for
all a ∈ F .
Proof. If there exists n > 0 such that αn is approximately inner, the defini-
tion is easily seen to be satisfied by setting nl = n · l.
For the second condition, it suffices to check that if vlα(vl)
∗ is in the center
of A, and ‖vlav
∗
l −α
nl(a)‖ < ε for all a ∈ F , then in fact ‖vlav
∗
l −α
nl(a)‖ < ε
for any a ∈ αk(F ) for any k ∈ Z. Notice that for any x ∈ F , because
(v∗l α(vl))x = x(v
∗
l α(vl)), we have
α(vl)xα(vl)
∗ = vl(v
∗
l α(vl))x(α(vl)
∗vl)v
∗
l = vlxvl
Thus, if a = αk(b) for b ∈ F then
‖vlav
∗
l − α
nl(a)‖ = ‖αk(vl)aα
k(v∗l )− α
nl(a)‖ = ‖αk(vlbv
∗
l − α
nl(b))‖ < ε
as required. 
We now provide some interesting examples of automorphisms which are
nearly approximately inner, but such that no nontrivial power is approx-
imately inner. In fact, our examples satisfy condition 2 from Proposition
4.2, with v = 1. Those can all be viewed as generalized odometers, though
acting on noncommutative C∗-algebras. The most interesting of those are
perhaps ones which act on the reduced group C∗-algebras of the Dixmier-
Lance groups, whose group factors have property Γ but are not McDuff.
Example 4.3. We provide here three classes of increasingly complicated
examples.
(1) The simplest example we consider arises from a translation on a
compact group. Suppose G is a compact metrizable group. Recall
that by a theorem of Birkhoff and Kakutani ([11, Theorem 8.3]), G
admits a left invariant metric. Fix g ∈ G of infinite order and set
α ∈ Aut(C(G)) by α(f)(h) = f(g−1h). Then one readily checks
that α satisfies condition 2 of Proposition 4.2 (where we take A0 to
be a dense set consisting of Lipschitz functions with respect to an
invariant metric and v = 1). The odometer action arises when G
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is a compact abelian group homeomorphic to the Cantor set, and
the subgroup generated by g is dense. In this case, the action fur-
thermore satisfies the Rokhlin property. The crossed product by an
odometer action is well understood from the perspective of Elliott’s
classification program, and in particular it is known to be Z-stable;
however, we use this as a basis for constructing more complicated
examples in which our methods give genuinely new results, to the
best of our knowledge. To this end, let us present this example in
an equivalent way. Suppose G is a countable discrete abelian group.
Let γ ∈ Ĝ be an element of infinite order. Then C∗(G) ∼= C(Ĝ)
and if we denote by {ug | g ∈ G} the generators of C
∗(G), then
the automorphism α ∈ Aut(C∗(G)) given by translation by γ on
C(Ĝ) is given by α(ug) = γ(g)ug. If we think of C
∗(G) ∼= C∗r (G)
as being represented on l2(G) via the regular representation, then
α(x) = UxU∗, where U ∈ B(l2(G)) is the diagonal operator given
on the standard basis {δg}g∈G by Uδg = γ(g)δg . In this picture, it
may be more convenient to take A0 to be a dense subset of the unit
ball of the group algebra CG.
(2) Suppose G is a countable discrete abelian group. Let γ ∈ Ĝ be an
element of infinite order. Let ϕ : G∗G→ G be the canonical quotient
given by identifying the two copies of G. Consider the action α on
C∗r (G ∗ G) given by α(uh) = γ(ϕ(h))uh for any h ∈ G. (This is
well defined on the reduced group C∗-algebra, as it is also given by
conjugation by a diagonal unitary U ∈ B(l2(G ∗ G)).) To give an
example which furthermore has the Rokhlin property, assume that
Ĝ is homeomorphic to the Cantor set, and in place of C∗r (G ∗ G),
consider C∗r (G)⊗C
∗
r (G∗G)
∼= C∗r (G×(G∗G)) (the tensor product is
unique, as C∗r (G) is abelian), with the action α defined in a similar
fashion, noting that there is also a canonical quotient G× (G∗G) →
G. The restriction to C∗r (G) ⊗ 1C∗r (G∗G) has the Rokhlin property,
and since this is in the center of C∗r (G) ⊗ C
∗
r (G ∗G), so does α.
(3) In [5], Dixmier and Lance constructed examples of ICC groups K
such that the group von Neumann algebra L(K) has property Γ but
is not McDuff (that is, L(K) 6∼= L(K)⊗R when R is the hyperfinite
II1 factor; or as it is phrased in [5], there are nontrivial central
sequences, and all central sequences are hypercentral). In particular,
for any such group, the reduced group C∗-algebra C∗r (K) is not Z-
stable (and is not nuclear). The class of C∗-algebras of the form
C∗r (K) is thus an interesting set of examples to consider. Those
groups are constructed as follows. Let H be a nontrivial countable
abelian group. Let G1, G2, . . . and H1,H2, . . . be sequences of groups
with Gk ∼= Z for all k ∈ N and Hk ∼= H for all k ∈ N. We let K be
the group generated by copies of all of those groups subject to the
following relations:
(a) The subgroupHj commutes with the subgroupHk for all j 6= k.
(b) Whenever k ≤ j, the subgroup Gk commutes with the subgroup
Hj.
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We now construct an automorphism of C∗r (K) for a Dixmier-Lance
group which satisfies condition 2 from Proposition 4.2 and further-
more has the Rokhlin property. We choose an abelian group H such
that Ĥ is homeomorphic to the Cantor set and has an element γ ∈ Ĥ
which generates a dense subgroup. We have a canonical surjective
homomorphism ϕ : K → H given by sending all the subgroups Gk to
the trivial element and identifying all copies of H. We define α by
α(ug) = γ(ϕ(g))ug , which uniquely extends to C
∗
r (K) since it is given
by α(x) = UxU∗ for U ∈ B(l2(K)) defined by Uδg = γ(ϕ(g))δg . One
verifies that condition 2 from Proposition 4.2 holds as before. As for
the Rokhlin property, we note that for any k ∈ N, the restriction
of α to the invariant commutative subalgebra C∗r (Hk) ⊂ C
∗
r (K) has
the Rokhlin property, being an odometer action. For any n ∈ N and
any k ∈ N, let {e
(k)
0,j }j=0,1,...,n−1∪{e
(k)
1,j }j=0,1,...,n be Rokhlin towers in
C∗r (Hk). Those form a central sequence of Rokhlin towers in C
∗
r (K),
and thus the action α on C∗r (K) has the Rokhlin property.
We recall the following characterization of the existence of a unital ho-
momorphism from a dimension drop algebra from [30, Proposition 5.1] (see
also [8, Theorem 4.8]).
Proposition 4.4. Let A be a unital C∗-algebra. The following are equiva-
lent.
(1) The dimension drop algebra In,n+1 admits a unital homomorphism
into A.
(2) There exists ε > 0 and positive mutually orthogonal and mutually
Cuntz-equivalent elements b1, b2, . . . , bn ∈ A such that 1−
∑n
k=1 bk -
(b1 − ε)+ (where - denotes Cuntz subequivalence).
Corollary 4.5. Let A be a separable C∗-algebra. Then the following are
equivalent.
(1) A ∼= A⊗Z.
(2) There exists n ≥ 2, ε > 0 and positive mutually orthogonal and
mutually Cuntz-equivalent elements b1, b2, . . . , bn ∈ F (A) such that
1−
∑n
k=1 bk - (b1 − ε)+.
Theorem 4.6. Let A be a separable unital C∗-algebra. Suppose that α ∈
Aut(A) has the Rokhlin property and is nearly approximately inner. Then
A⋊α Z is Z-stable.
Proof. To lighten notation, we write a ≈ε b to mean ‖a− b‖ < ε. We denote
by u the canonical unitary in A⋊α Z.
Fix ε > 0 and F ⊂ A0 a finite subset. To simplify some estimates, we
assume ε < 1/14. We first note that it suffices to exhibit positive orthogonal
contractions b1, b2 ∈ (A⋊α Z)ω such that the following hold:
(1) There exists c ∈ (A⋊αZ)ω such that cc
∗ = b1, c
∗c = b2 and ‖[c, a]‖ <
ε for all a ∈ F ∪ {u, u∗}.
(2) There exists d ∈ (A ⋊α Z)ω such that dd
∗ = 1 − (b1 + b2), d
∗d ≤
2(b1 −
1
2)+ and ‖[d, a]‖ < ε for all d ∈ F ∪ {u, u
∗}.
If such elements can be found for any ε > 0, then by the Kirchberg ε-test
we can find elements b1, b2, c, d ∈ (A ⋊α Z)ω ∩ (A ⋊α Z)
′ such that b1 and
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b2 are orthogonal contractions, cc
∗ = b1, c
∗c = b2, dd
∗ = 1 − (b1 + b2)
and d∗d ≤ 2(b1 −
1
2)+. Therefore, by Proposition 4.4 there exists a unital
homomorphism from I2,3 to (A⋊αZ)ω∩(A⋊αZ)
′, and therefore, by Lemma
1.2, the crossed product A ⋊α Z is Z-stable. (We remark that the term
2(b1 −
1
2 )+ could be replaced by
1
t (b1 − t)+ for any other t ∈ (0, 1); the
choice of t = 1/2 is arbitrary and makes no difference here.)
Pick l such that nl > 1/ε
2. Note that nl > 14/ε.
Pick a unitary v ∈ A such that ‖vav∗ − αnl(a)‖ < ε/14 for all a ∈⋃7nl
k=−7nl
αk(F ). Notice that if k, j satisfy |j − k| ≤ nl then for any a ∈ F ,
we have
αk(v)αj(a)αk(v∗) = αk(vαj−k(a)v∗) ≈ε/14 α
k(αnl(αj−k(a)) = αnl+j(a).
Pick a double Rokhlin tower e0,0, e0,1, . . . , e0,14nl−1; e1,0, e1,1, . . . , e1,14nl ∈
Aω ∩A
′. For k = 0, 1, . . . , 14nl − 1, we write fk = e0,k + e1,k.
We now proceed to define elements b1, b2, x1, x2, c, d ∈ Aω ⋊ Z. As the
definition is somewhat technical, we provide the following illustration to help
visualize the construction (which is more accurate in the single tower Rokhlin
picture). The x-axis should be thought of as indexing the Rokhlin elements,
which should be viewed of as roughly 14nl-periodic; the arrows are meant
to indicate that the illustrated elements implement Cuntz equivalences.
b1 b2x1 x2
14nl
c
d1
x2
d2
Define h : {0, 1, . . . , 7nl − 1} → [0, 1] by
h(k) =
 k/nl | k < nl1 | nl ≤ k ≤ 6nl
1− (k/nl − 6) | 6n1 + 1 ≤ k ≤ 7nl − 1
Now, for j = 1, 2, define
b1 =
7nl−1∑
k=0
h(k)fk , b2 =
7nl−1∑
k=0
h(k)fk+7nl
Notice that ‖[bj , u]‖ <
1
nl
< ε/14 for j = 1, 2.
Set
c =
7nl−1∑
k=0
h1/2(k)fku
7nl∗αk(v7)
We check that
c∗c =
7nl−1∑
k,j=0
h1/2(k)h1/2(j)αk(v7)∗u7nlfkfju
7nl∗αj(v7)
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=
7nl−1∑
k=0
h(k)αk(v7)∗u7nlfku
7nl∗αk(v7)
=
7nl−1∑
k=0
h(k)αk(v7)∗fk+7nlα
k(v7)
=
7nl−1∑
k=0
h(k)fk+7nl = b2
Likewise,
cc∗ =
7nl−1∑
k,j=0
h1/2(k)h1/2(j)fju
7nl∗αj(v7)αk(v7)∗u7nlfk
=
7nl−1∑
k,j=0
h1/2(k)h1/2(j)u7nl∗αj(v7)αk(v7)∗u7nlfjfk
=
7nl−1∑
k=0
h(k)u7nl∗αk(v7)αk(v7)∗u7nlfk =
7nl−1∑
k=0
h(k)fk = b1
Now, let a ∈ F . Then
ac = a
7nl−1∑
k=0
h1/2(k)fku
7nl∗αk(v7)
=
7nl−1∑
k=0
h1/2(k)fkau
7nl∗αk(v7)
=
7nl−1∑
k=0
h1/2(k)fku
7nl∗α7nl(a)αk(v7)
≈ε/2
7nl−1∑
k=0
h1/2(k)fku
7nl∗αk(v7)a = ca
So ‖[c, a]‖ < ε/2.
As for a = u,
uc = u
7nl−1∑
k=0
h1/2(k)fku
7nl∗αk(v7)
=
7nl−1∑
k=0
h1/2(k)fk+1u
7nl∗αk+1(v7)u
So
‖uc− cu‖ =
∥∥∥∥∥
7nl−1∑
k=1
(h1/2(k)− h1/2(k − 1))fk
∥∥∥∥∥
= max
k=1,2,...,7nl−1
|h1/2(k)− h1/2(k − 1)| =
√
1
nl
< ε
The estimate for ‖[u∗, c]‖ is similar.
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Define g1 : {6nl, 6nl + 1, . . . , 8nl} → [0, 1] by
g1(k) = 1− |7− k/nl|
Define g2 : {0, 1, . . . , nl} ∪ {13nl, 13nl + 1, . . . , 14nl} → [0, 1] by
g2 =
{
1− k/nl | k ≤ nl − 1
k/nl − 13 | k ≥ 13nl
Set
x1 =
8nl∑
k=6nl
g1(k)fk
and
x2 = e1,14nl +
nl−1∑
k=0
(g2(k)fk + g2(k + 13nl)fk+13nl)
Notice that x1 + x2 = 1− b1 − b2.
Set
d1 =
2nl−1∑
k=0
g1(k + 6nl)
1/2fk+6nlu
2nlαk(v−2)
and
d2 =
nl−1∑
k=0
g2(k)
1/2e0,ku
−2nlαk(v2) +
nl−1∑
k=0
g2(k + 13nl)
1/2e0,k+13nlu
−2nlαk−nl(v2)+
+
nl−1∑
k=0
g2(k)
1/2e1,ku
−2nlαk(v2) +
nl∑
k=0
g2(k + 13nl)
1/2e1,k+13nlu
−2nlαk−nl−1(v2)
Set d = d1 + d2. Notice that d1d2 = d
∗
1d2 = d1d
∗
2, and therefore d
∗d =
d∗1d1 + d
∗
2d2, and dd
∗ = d1d
∗
1 + d2d
∗
2.
We have
d∗1d1 =
2nl−1∑
k=0
2nl−1∑
j=0
g1(k + 6nl)
1/2g1(j + 6nl)
1/2αj(v−2)∗u−2nlfj+6nlfk+6nlu
2nlαk(v−2)
=
2nl−1∑
k=0
g1(k + 6nl)α
k(v−2)∗u−2nlfk+6nlu
2nlαk(v−2)
=
2nl−1∑
k=0
g1(k + 6nl)α
k(v−2)∗fk+4nlα
k(v−2)
=
2nl−1∑
k=0
g1(k + 6nl)fk+4nl
≤
6nl−1∑
k=4nl
fk.
Likewise, we have
d∗2d2 ≤
3nl−1∑
k=nl
fk
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so
d∗d ≤
6nl−1∑
k=nl
fk ≤ 2(b1 − 1/2)+.
Now,
d1d
∗
1 =
2nl−1∑
k=0
2nl−1∑
j=0
g1(k + 6nl)
1/2g1(j + 6nl)
1/2fk+6nlu
2nlαk(v−2)αj(v−2)∗u−2nlfj+6nl
=
2nl−1∑
k=0
2nl−1∑
j=0
g1(k + 6nl)
1/2g1(j + 6nl)
1/2fk+6nlfj+6nlα
k+2nl(v−2)αj+2nl(v−2)∗
=
2nl−1∑
k=0
g1(k + 6nl)fk+6nlα
k+2nl(v−2)αk+2nl(v−2)∗
= x1
and likewise, noting that for any two relevant indices k, j we have
u−2nlαk(v2)α−j(v−2)u2nl = αk−2nl(v2)α−j−2nl(v−2) ∈ A,
this element commutes with the Rokhlin projections, and the Rokhlin pro-
jections are pairwise orthogonal, we obtain:
d2d
∗
2 = x2.
Thus, dd∗ = 1− b1 − b2.
For any a ∈ F , using the fact that au2nlαk(v−2) ≈ε/7 u
2nlαk(v−2)a, we
have
ad1 =
2nl−1∑
k=0
g1(k + 6nl)
1/2fk+6nlau
2nlαk(v−2)
≈ε/7
2nl−1∑
k=0
g1(k + 6nl)
1/2fk+6nlu
2nlαk(v−2)a
= d1a
and likewise one sees that ‖ad2 − d2a‖ < ε/7 for all a ∈ F .
We now estimate ‖[u, d1]‖. Note that
ud1 =
2nl−1∑
k=0
g1(k + 6nl)
1/2ufk+6nlu
2nlαk(v−2)
=
2nl−1∑
k=0
g1(k + 6nl)
1/2fk+6nl+1u
2nl+1αk(v−2)
and
d1u =
2nl−1∑
k=0
g1(k + 6nl)
1/2fk+6nlu
2nlαk(v−2)u
=
2nl−1∑
k=0
g1(k + 6nl)
1/2fk+6nlu
2nl+1αk−1(v−2)
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Thus,
‖ud1 − d1u‖ = max
k=6nl,6n1+1,...,8nl
|g
1/2
1 (k)− g
1/2
1 (k − 1)| =
√
1
nl
< ε.
In a similar way, we see that ‖u∗d1 − d1u
∗‖ < ε as well.
It remains to estimate ‖[u, d2]‖, which is somewhat more delicate. We
have
ud2 =
nl−1∑
k=0
g2(k)
1/2ue0,ku
−2nlαk(v2)
+
nl−1∑
k=0
g2(k + 13nl)
1/2ue0,k+13nlu
−2nlαk−nl(v2)
+
nl−1∑
k=0
g2(k)
1/2ue1,ku
−2nlαk(v2)
+
nl∑
k=0
g2(k + 13nl)
1/2ue1,k+13nlu
−2nlαk−nl−1(v2)
=
nl−1∑
k=0
g2(k)
1/2e0,k+1u
−2nl+1αk(v2)
+
nl−2∑
k=0
g2(k + 13nl)
1/2e0,k+13nl+1u
−2nl+1αk−nl(v2)
+
nl−1∑
k=0
g2(k)
1/2e1,k+1u
−2nl+1αk(v2)
+
nl−1∑
k=0
g2(k + 13nl)
1/2e1,k+13nl+1u
−2nl+1αk−nl−1(v2)
+(1− 1/nl)
1/2ue0,14n1−1u
−2nlα−1(v2) + ue1,14n1u
−2nlα−1(v2)
while
d2u =
nl−1∑
k=0
g2(k)
1/2e0,ku
−2nlαk(v2)u
+
nl−1∑
k=0
g2(k + 13nl)
1/2e0,k+13nlu
−2nlαk−nl(v2)u
+
nl−1∑
k=0
g2(k)
1/2e1,ku
−2nlαk(v2)u
+
nl∑
k=0
g2(k + 13nl)
1/2e1,k+13nlu
−2nlαk−nl−1(v2)u
=
nl−1∑
k=1
g2(k)
1/2e0,ku
−2nl+1αk−1(v2)
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+
nl−1∑
k=0
g2(k + 13nl)
1/2e0,k+13nlu
−2nl+1αk−nl−1(v2)
+
nl−1∑
k=1
g2(k)
1/2e1,ku
−2nl+1αk−1(v2)
+
nl∑
k=0
g2(k + 13nl)
1/2e1,k+13nlu
−2nl+1αk−nl−1(v2)
+e0,0u
−2nl+1α−1(v2) + e1,0u
−2nl+1α−1(v2)
Now,∥∥∥((1− 1/nl)1/2ue0,14n1−1 + ue1,14n1)− (e0,0u+ e1,0u)∥∥∥ = 1− (1− 1/nl)1/2
<
1
nl
< ε
The rest of the terms in the expression ud2 − d2u can be compared term
by term as is done in the case the corresponding estimate for d1, and each
is bounded above by
√
1/nl. It follows that ‖ud2 − d2u‖ < ε as well. In
a similar manner, one checks that ‖ud2 − d2u‖ < ε. This completes the
proof. 
Question 4.7. Does the conclusion of Theorem 4.6 hold if we replace the
Rokhlin property by finite Rokhlin dimension, with or without commuting
towers?
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